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A NOTE ON L2-BOUNDARY INTEGRALS OF THE BERGMAN KERNEL
PHUNG TRONG THUC
Abstract. For any bounded convex domain Ω with C2 boundary in Cn, we show that there
exist positive constants C1 and C2 such that
C1
d
K pw,wq
δ pwq
ď }K p¨, wq}
L2pBΩq ď C2
d
K pw,wq
δ pwq
,
for any w P Ω. Here K is the Bergman kernel of Ω, and δ is the distance-to-boundary function.
1. Introduction
Throughout this note, Ω will be a bounded pseudoconvex domain in Cn, and δ : Ω Ñ R`
is the distance function to the boundary, δ pzq :“ inf t}z ´ w} : w P BΩu. The Bergman kernel
K pz, wq of Ω is the reproducing kernel for the space of square-integrable holomorphic functions.
That is, K : Ωˆ ΩÑ C is the function such that
f pzq “
ż
Ω
K pz, wq f pwq dV pwq ,@f P A2 pΩq .
Here A2 pΩq denotes the space of square-integrable holomorphic functions on Ω, and dV is
Lebesgue measure.
It was suggested by Catlin ([11]) for studying the boundary behavior of the Bergman kernel,
by starting with simple domains, such as ellipsoids. We are interested in obtaining estimates on
the L2-boundary norm of the Bergman kernel for convex domains. When Ω is a smoothly convex
domain, the function K p¨, wq is smooth up to the boundary, for any fixed w P Ω, due to the work
of Boas and Straube, see [10]. Thus the boundary integral
ş
BΩ
|K pz, wq|2 dσ pzq is well-defined.
Here dσ is the standard surface measure. Even if we drop the smoothness of BΩ, we can still
conclude that K p¨, wq P L2 pBΩq in the trace sense. This follows from the fact that any bounded
convex domain has a Lipschitz boundary ([19]), and the Bergman projection is bounded in the
Sobolev space W 1{2 pΩq, see [27]. To avoid technical reasons, we will restrict ourselves to the
case BΩ P C2. The purpose of this paper is to estimate the norm }K p¨, wq}L2pBΩq as w varies in
Ω.
The main result is stated as follows.
Theorem 1.1. Let Ω be a bounded convex domain with C2 boundary in Cn. Then
(1.1) C1
d
K pw,wq
δ pwq ď }K p¨, wq}L2pBΩq ď C2
d
K pw,wq
δ pwq ,
for any w P Ω. Here C1 is a positive constant depending on Ω, and C2 “
?
4en` 1.
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Our method is elementary, basically being based on a weighted version of Bergman projections
by Berndtsson and Charpentier ([4]), and relations between the pluricomplex Green function
and the Bergman kernel. Our approach is motivated by the work of Chen and Fu ([15]) on the
comparison of the Bergman and Szego¨ kernels. In fact, by the definition of the Szego¨ kernel,
from Theorem 1.1 we obtain that for any bounded convex domain Ω in Cn,
S pz, zq
K pz, zq ě
δ pzq
4en` 1 ,@z P Ω.
Here S is the Szego¨ kernel of Ω. We note that in [15], the authors obtained estimates on S{K for
a much larger class of domains called δ-regular, which includes pseudoconvex domains of finite
type and pseudoconvex domains having plurisubharmonic defining functions at boundary points.
Our argument here can be extended to domains admitting a plurisubharmonic defining function,
see Remark 4.3. It seems to us that our approach and the stated result (Theorem 1.1) have not
been noticed in the literature.
In Section 2, we provide a weighted version of Bergman projections. We recall some properties
of the pluricomplex Green function in Section 3. The proof of Theorem 1.1 is given in the last
section.
Notation. We will use the notation X À Y (resp. X Á Y ) to denote the estimate |X | ď CY
(resp. X ě C |Y |), for some positive constant C. We use X « Y for the fact X À Y À X .
Acknowledgements. The author thanks his supervisors: Jiakun Liu and Tran Vu Khanh
for helpful suggestions and encouragement. The author would like to thank Professor Bo-Yong
Chen for his comments.
2. Weighted Bergman projections
Let ψ be a Lebesgue measurable function on Ω. By L2
`
Ω, eψ
˘
we denote the Hilbert space of
measurable functions associated with the norm
}f}L2pΩ,eψq :“
gffeż
Ω
|f |2 eψdV .
Let P be the Bergman projection associated to Ω. It can be represented as
(2.1) P pfq pzq :“
ż
Ω
K pz, wq f pwq dV pwq ,@f P L2 pΩq .
The formula (2.1) allows us to extend the domain of definition of P . Let f be a Lebesgue
measurable function on Ω, we say that P pfq is well-defined on Ω if for almost every z P Ω, we
have K pz, ¨q f p¨q P L1 pΩq. For example, when Ω is a smoothly bounded pseudoconvex domain
of finite type, P pfq is well-defined for any f P Lp pΩq, with p ě 1 (see, e.g. [9, 3]).
The main purpose of this section is to establish the following result.
Proposition 2.1. Let Ω be a bounded pseudoconvex domain. Let 0 ă r ă 1 and let ψ be a locally
bounded, plurisubharmonic function on Ω such that riBBψ ě iBψ^Bψ as currents. Then for any
Lebesgue measurable function f so that P pfq is well-defined, the following inequality holds
(2.2)
ż
Ω
|P pfq pzq|2 eψpzqdV pzq ď 1
1´ r
ż
Ω
|f pzq|2 eψpzqdV pzq .
Remark 2.2. The inequality (2.2) was already stated in [4] with an implicit constant in the
right-hand side. It turns out that the constant 1{ p1´ rq here allows us to establish the estimates
in Theorem 1.1.
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We also recall that the condition rıBBψ ě ıBψ^Bψ is equivalent to the statement that ´e´ψ{r
is plurisubharmonic on Ω.
Proof. It suffices to consider the case that the right hand side of (2.2) is finite. We will employ a
similar approach as in [4]. The idea is to shift the standard L2 space to weighted one by Kohn’s
formula and by being more careful with the use of weighted Bergman projections.
We first assume that ψ P C2 `Ω˘ and f P L2 pΩq. By Kohn’s formula (see e.g. [24, 16])
(2.3) P pfq “ e´ψPψ
`
eψf
˘´ B‹N `B `e´ψPψ `eψf˘˘˘ ,
where Pψ denotes the Bergman projection in L
2
`
Ω, e´ψ
˘ “ L2 pΩq. Set g :“ e´ψPψ `eψf˘ and
u :“ B‹N `B `e´ψPψ `eψf˘˘˘. Since Pψ `eψf˘ P A2 pΩq, we have şΩ ugeψ “ 0. Thus
(2.4)
ż
Ω
|P pfq|2 eψ “
ż
Ω
|g ´ u|2 eψ “
ż
Ω
|g|2 eψ `
ż
Ω
|u|2 eψ.
For the first term of (2.4), we get
(2.5)
ż
Ω
|g|2 eψ “
ż
Ω
ˇˇ
Pψ
`
eψf
˘ˇˇ2
e´ψ ď
ż
Ω
ˇˇ
eψf
ˇˇ2
e´ψ “
ż
Ω
|f |2 eψ.
Note that u “ B‹N `´g ^ Bψ˘, and ueψ belongs to the orthogonal complement of ker B in
L2
`
Ω, e´ψ
˘
. Thus we obtain
(2.6)
ż
Ω
ˇˇ
ueψ
ˇˇ2
e´ψ ď
ż
Ω
ˇˇB `ueψ˘ˇˇ2
ıBBψ
e´ψ.
It continues ż
Ω
|u|2 eψ ď
ż
Ω
ˇˇBu` Bψ ^ uˇˇ2
ıBBψ
eψ
“
ż
Ω
ˇˇ´g ^ Bψ ` Bψ ^ uˇˇ2
ıBBψ
eψ(2.7)
ď r
ż
Ω
´
|u|2 ` |g|2
¯
eψ,
here the last inequality follows by
ş
Ω
ugeψ “ 0 and ˇˇBψˇˇ2
ıBBψ
ď r. Therefore
(2.8)
ż
Ω
|u|2 eψ ď r
1´ r
ż
Ω
|g|2 eψ.
From (2.4), (2.5) and (2.8), we get the estimate (2.2).
When f P L2 pΩq, but ψ is just a locally bounded, plurisubharmonic on Ω. Consider a sequence
of pseudoconvex domains tΩju such that Ωj Ť Ωj`1 and Ω “
Ť8
j“1 Ωj . For ε ą 0, denote the
convolution ψε :“ ψ ‹ ηε the standard regularization. For each j, we can choose εj such that
0 ă εj ă dist pΩj , BΩq and
(2.9)
ż
Ωj
|f |2
´
eψεj ´ eψ
¯
ď 1
j
.
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This is due to the monotone convergence theorem and the fact f P L2 pΩq X L2 `Ω, eψ˘. Since
riBBψεj ě iBψεj ^ Bψεj , by applying the previous argument, we get thatż
Ωj
ˇˇ
PΩj pfq
ˇˇ2
eψεj ď 1
1´ r
ż
Ωj
|f |2 eψεj .
By ψεj ě ψ on Ωj and (2.9), it continues
(2.10)
ż
Ωj
ˇˇ
PΩj pfq
ˇˇ2
eψ ď 1
1´ r
ż
Ωj
|f |2 eψεj ď 1
1´ r
¨
˝1
j
`
ż
Ω
|f |2 eψ
˛
‚.
We conclude that for each fixed k P Z`, the sequence  PΩj pfq(8j“k is uniformly bounded in
L2 pΩkq. By Cantor’s diagonal argument, we can assume, by passing to a subsequence, that
PΩj pfq converges weakly to a function v in L2 pΩ, locq. It is clear that PΩj pfq eψ{2 also converges
weakly to veψ{2 in L2 pΩ, locq. Thus for each K Ť Ω, by (2.10)ż
K
|v|2 eψ ď lim inf
jÑ8
ż
K
ˇˇ
PΩj pfq
ˇˇ2
eψ ď 1
1´ r
ż
Ω
|f |2 eψ.
It follows that ż
Ω
|v|2 eψ ď 1
1´ r
ż
Ω
|f |2 eψ.
We now prove that v “ PΩ pfq. First, since B
`
PΩj pfq
˘ “ 0 and PΩj pfq Ñ v weakly, v is
holomorphic in Ω. It remains to show that
(2.11)
ż
Ω
|f ´ v|2 ď
ż
Ω
|f ´ h|2 ,@h P A2 pΩq .
To see this, fix any K Ť Ω, we haveż
K
|f ´ v|2 ď lim inf
jÑ8
ż
K
ˇˇ
f ´ PΩj pfq
ˇˇ2
ď lim inf
jÑ8
ż
Ωj
ˇˇ
f ´ PΩj pfq
ˇˇ2
ď lim inf
jÑ8
ż
Ωj
|f ´ h|2
ď
ż
Ω
|f ´ h|2 .
So (2.11) follows.
Finally, we consider the case when we only require that
ş
Ω
|f |2 eψ is finite and P pfq is well-
defined. Set fk :“ χΩkf , where the sequence tΩku is the same as above, and χΩk is the indicator
function of Ωk. We have fk P L2 pΩq X L2
`
Ω, eψ
˘
andż
Ω
|fk ´ f |2 eψ “
ż
ΩzΩk
|f |2 eψ Ñ 0 as k Ñ8.
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By the previous estimate, ż
Ω
|P pfkq|2 eψ ď 1
1´ r
ż
Ω
|fk|2 eψ.
It follows that tP pfkqu is a Cauchy sequence in L2
`
Ω, eψ
˘
and so converges to a function v in
L2
`
Ω, eψ
˘
. Thus ż
Ω
|v|2 eψ ď 1
1´ r
ż
Ω
|f |2 eψ.
Now, we only need to prove that v “ P pfq. Since we can choose a subsequence of the tP pfkqu
that converges pointwise to v, it suffices to show that P pfkq converges pointwise to P pfq. For
each z P Ω,
|P pfkq pzq ´ P pfq pzq| “
ˇˇˇ
ˇˇˇż
Ω
K pz, wq fk pwq dw ´
ż
Ω
K pz, wq f pwq dw
ˇˇˇ
ˇˇˇ
“
ˇˇˇ
ˇˇˇ
ˇ
ż
ΩzΩk
K pz, wq f pwq dw
ˇˇˇ
ˇˇˇ
ˇ .
The last integral goes to zero as k Ñ8 since K pz, ¨q f p¨q P L1 pΩq.

Remark 2.3. The constant 1{ p1´ rq is not sharp for any r P p0, 1q. More specifically, it is not
sharp for r « 0. To see this, by a result of B locki ([5, p. 89]), for any function v K ker B in
L2
`
Ω, e´ψ
˘
, we have
(2.12)
ż
Ω
|v|2 e´ψ ď 4rp1´ rq2
ż
Ω
ˇˇBvˇˇ2
iBBψ
e´ψ.
Now, apply (2.12) with v :“ B‹N `´g ^ Bψ˘ eψ, then we can replace the inequality (2.6) byż
Ω
ˇˇ
ueψ
ˇˇ2
e´ψ ď 4rp1´ rq2
ż
Ω
ˇˇB `ueψ˘ˇˇ2
iBBψ
e´ψ.
Continue the argument there, we get thatż
Ω
|P pfq|2 eψ ď 1
1´ 4r2
p1´rq2
ż
Ω
|f |2 eψ,
provided 0 ă r ă 1
3
. Note that the constant 1{
´
1´ 4r2L p1´ rq2¯ is sharper than 1{ p1´ rq.
Nevertheless, if we call C prq the sharp constant for the estimate (2.2), that is, given 0 ă r ă 1,
C prq is the least constant such that for any pseudoconvex domain Ω and riBBψ ě iBψ^ Bψ, we
have ż
Ω
|P pfq|2 eψ ď C prq
ż
Ω
|f |2 eψ,
then we can show that
(2.13) lim
rÑ1
C prq
1
1´r
“ 1.
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Therefore, the constant 1{ p1´ rq is sharp in the use of r Ñ 1. To see (2.13), choose Ω “ D the
unit disc in C, f “ p´ log |z|qr and ψ “ ´r log p´ log |z|q. We can easily check thatş
Ω
|P pfq|2 eψş
Ω
|f |2 eψ “
pir
sin ppirq .
Thus
pir
sin ppirq ď C prq ď
1
1´ r ,
and (2.13) follows.
Remark 2.4. By a duality argument, under the same hypothesis as in Proposition 2.1, we also
have ż
Ω
|P pfq pzq|2 e´ψpzqdV pzq ď 1
1´ r
ż
Ω
|f pzq|2 e´ψpzqdV pzq .
Proposition 2.1, together with an idea of Chen ([14]), gives the following result.
Corollary 2.5. Let Ω be a bounded pseudoconvex domain with a positive Diederich-Fornaess
index η. Then for any 0 ă t ă η and 1 ď q ă 4n{ p2n´ tq, the Bergman projection P associated
to Ω is bounded from L2 pΩ, δ´tq to Lq pΩq.
Proof. Since 4n{ p2n´ tq ą 2, it suffices to assume that q ą 2. Recall that the Diederich-Fornaess
index of Ω is defined by
η pΩq :“ sup
"
α P r0, 1s : Dh P PSH pΩq and C ą 0 such that 1
C
δα ă ´h ă Cδα
*
.
Thus, we can choose t1 P pt, ηq and h P PSH pΩq such that 1
C
δt
1 ă ´h ă Cδt1 , for some positive
constant C. Set ψ :“ ´p t{ t1q log p´hq, then ψ P L8
loc
pΩq and
t
t1
iBBψ ě iBψ ^ Bψ.
For any measurable function f such that
ş
Ω
|f |2 δ´t is finite (which also implies f P L2 pΩq), by
applying Proposition 2.1, we get that
(2.14)
ż
Ω
|P pfq|2 δ´t À
ż
Ω
|P pfq|2 eψ À
ż
Ω
|f |2 eψ À
ż
Ω
|f |2 δ´t.
Thus, for any ε ą 0, ż
δďε
|P pfq|2 ď εt
ż
δďε
|P pfq|2 δ´t ď εt
ż
Ω
|P pfq|2 δ´t
À εt
ż
Ω
|f |2 δ´t.
Moreover, by the mean value inequality,
|P pfq pzq|2 À δ´2n pzq
ż
Bpz,δpzqq
|P pfq|2
À δ´2n pzq
ż
δď2δpzq
|P pfq|2
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À δ´2n`t pzq
ż
Ω
|f |2 δ´t.
It follows that for each k P Z`,
ż
2´k´1ăδď2´k
|P pfq|q À 2´pk`1qpq´2qp´n` t2 q
¨
˝ż
Ω
|f |2 δ´t
˛
‚
q
2
´1 ż
δď2´k
|P pfq|2
À 2´kpt´pq´2qpn´ t2 qq
¨
˝ż
Ω
|f |2 δ´t
˛
‚
q
2
.
Similarly,
ż
δą 1{2
|P pfq|q À
ˆ
1
2
˙pq´2qp´n` t2 q¨˝ż
Ω
|f |2 δ´t
˛
‚
q
2
´1 ż
Ω
|P pfq|2
À
¨
˝ż
Ω
|f |2 δ´t
˛
‚
q
2
´1 ż
Ω
|f |2
À
¨
˝ż
Ω
|f |2 δ´t
˛
‚
q
2
.
Therefore ż
Ω
|P pfq|q ď
ż
δą 1{2
|P pfq|q `
8ÿ
k“1
ż
2´k´1ăδď2´k
|P pfq|q
À
˜
1`
8ÿ
k“1
2´kpt´pq´2qpn´ t2 qq
¸¨˝ż
Ω
|f |2 δ´t
˛
‚
q
2
À
¨
˝ż
Ω
|f |2 δ´t
˛
‚
q
2
,
where the last inequality follows by the hypothesis q ă 4n{ p2n´ tq. 
Note that we do not impose any regularity assumption on the boundary of Ω in Corollary 2.5.
In the case when BΩ is Lipschitz, it is known that η pΩq is positive, see [20]. Moreover, using the
Lipschitz property, we can conclude that δ´α P L1 pΩq for any α ă 1 (see e.g. [19]). Thus, using
Ho¨lder’s inequality, we get that if p P p2,8q and tp{ pp´ 2q ă 1 then
ż
Ω
|f |2 δ´t ď
¨
˝ż
Ω
|f |p
˛
‚
2
p
¨
˝ż
Ω
δ
´tp
p´2
˛
‚
p´2
p
À
¨
˝ż
Ω
|f |p
˛
‚
2
p
.
Combining this with Corollary 2.5, we conclude that for a given q P r2, 4n{ p2n´ ηqq, if there
exists t such that
η ą t ą 2n´ 4n
q
and 1´ 2
p
ą t,
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then the Bergman projection P maps from Lp pΩq to Lq pΩq continuously. This requirement on
t is equivalent to p ą 2q{ pq ` 2n p2´ qqq.
We therefore arrive at the following result:
Corollary 2.6. Let Ω be a bounded pseudoconvex domain with Lipschitz boundary. Let η be
the Diederich-Fornaess index of Ω. Then for any q P r2, 4n{ p2n´ ηqq, the Bergman projection
associated to Ω is bounded from Lp pΩq to Lq pΩq, provided that p ą 2q{ pq ` 2n p2´ qqq.
Remark 2.7. Corollary 2.6 says that for domains with Lipschitz boundary, one can always
gain the regularity of the output space to an exponent bigger than 2 pi.e. Lq, q ą 2q, given that
the regularity of the input is high enough. This is not the case for non-Lipschitz domains.
For instance, consider the Hartogs triangle domain Ωγ :“
 pz1, z2q P C2 : |z1|γ ă |z2| ă 1(, with
γ ą 0 and γ R Q. This is a non-Lipschitz pseudoconvex domain (see e.g. [30]). It is known that
for any p P p1,8q and q ą 2, the Bergman projection associated to Ωγ cannot be bounded from
Lp pΩγq to Lq pΩγq, see [18, p. 2681].
3. The pluricomplex Green function
We now recall some well-known results of the pluricomplex Green function. Let Ω be a
bounded pseudoconvex domain in Cn. The pluricomplex Green function with a pole w P Ω is
defined by
G p¨, wq :“ sup
"
u p¨q : u P PSH´ pΩq , lim sup
zÑw
pu pzq ´ log |z ´ w|q ă 8
*
.
Here PSH´ pΩq denotes the set of all negative plurisubharmonic functions on Ω. The following
results are used in the sequel.
Proposition 3.1 (Herbort [21], B locki [8]). Let Ω be a bounded pseudoconvex domain and let t
be any positive number. Then
(1) For any f P A2 pΩq and any w P Ω,
(3.1)
ż
tGp¨,wqă´tu
|f pzq|2 dz ě e´2nt |f pwq|
2
K pw,wq .
(2) For any w P Ω,
(3.2) K pw,wq ě e´2ntKtGp¨,wqă´tu pw,wq ,
where KtGp¨,wqă´tu denotes the Bergman kernel of tG p¨, wq ă ´tu.
Proposition 3.2 (Chen [15], B locki [6]). Let Ω be a bounded pseudoconvex domain in Cn.
Assume that there exists a plurisubharmonic function ϕ on Ω such that for any z P Ω,
C1δ
a pzq ď ´ϕ pzq ď C2δb pzq ,
where C1, C2, a and b are positive constants. Then there exist positive constants C and δ0 such
that
(3.3) tG p¨, wq ă ´1u Ă
"
1
C
δ a{b pwq |log δ pwq|´1{b ď δ p¨q ď Cδ b{a pwq |log δ pwq|n{a
*
,
for any w P Ω and δ pwq ă δ0.
If Ω is a convex domain then
(3.4) tG p¨, wq ă ´tu Ă
"
et ´ 1
et ` 1δ pwq ď δ p¨q ď
et ` 1
et ´ 1δ pwq
*
,
for any w P Ω and any t ą 0.
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For several applications of the pluricomplex Green function, we refer readers to [15, 6, 13, 14, 7].
The following result can be obtained by using these interesting properties.
Proposition 3.3. Let Ω Ă Cn be a strongly pseudoconvex domain with smooth boundary and let
α P R. If the Bergman-Toeplitz operator Tα, defined by
f Ñ Tα pfq pzq :“
ż
Ω
K pz, wq f pwq δα pwq dV pwq ,
is bounded from Lp pΩq to Lq pΩq, with 1 ă p ď q ă 8 then
α ě pn` 1q
ˆ
1
p
´ 1
q
˙
.
Remark 3.4. This result has been obtained in [1] by using several estimates of Kobayashi balls
and θ-Carleson measures in Bergman spaces. The proof given below is a direct consequence
of Proposition 3.1 and Proposition 3.2. Note that the converse statement is also true, i.e. if
α ě pn` 1q pp1{ pq ´ p1{ qqq then Tα maps from Lp pΩq to Lq pΩq continuously, see [29, 22].
Proof. Without loss of generality we may assume that α ě 0. First, it is well-known that for
any strongly pseudoconvex domain Ω with smooth boundary, there is a positive constant C pΩq
such that
(3.5) K pz, zq ě Cδ´n´1 pzq ,
for any z P Ω. Moreover, for any p ą 1, there is a constant C pp,Ωq such that
(3.6) }K pz, ¨q}LppΩq ď Cδ´pn`1qp1´
1
p q pzq ,
for any z P Ω, see e.g. [1, Theorem 2.7], also [26, 29].
Now, using properties of the Bergman projection, we haveż
Ω
|K pz, wq|2 δα pwq dw “
ż
Ω
K pw, zq δα pwqK pz, wqdw
“
ż
Ω
K pw, zq δα pwq
¨
˝ż
Ω
K pz, ξqK pξ, wq dξ
˛
‚dw
“
ż
Ω
¨
˝ż
Ω
K pξ, wq δα pwqK pw, zq dw
˛
‚K pz, ξq dξ.
By Ho¨lder’s inequality, it followsż
Ω
|K pz, wq|2 δα pwq dw ď
››››››
ż
Ω
K p¨, wq δα pwqK pw, zq dw
››››››
LqpΩq
}K pz, ¨q}Lq1 pΩq
À }K pz, ¨q}LppΩq }K pz, ¨q}Lq1 pΩq(3.7)
À δ´pn`1qp1´ 1p` 1q q pzq .
Here, the second inequality comes from the boundedness of Tα, the third follows from (3.6), and
q1 is the dual exponent of q, i.e. 1{ q ` 1{ q1 “ 1. On the other hand, by using Proposition 3.1,
Proposition 3.2 and (3.5), we obtainż
Ω
|K pz, wq|2 δα pwq dw ě
ż
tGp¨,zqă´1u
|K pz, wq|2 δα pwq dw
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Á δα pzq |log δ pzq|´α
ż
tGp¨,zqă´1u
|K pz, wq|2 dw
Á δα pzq |log δ pzq|´αK pz, zq
Á δα´n´1 pzq |log δ pzq|´α .
From this and (3.7), the conclusion follows by letting z Ñ BΩ. 
Remark 3.5. A similar approach has been used in [23] for Hartogs triangle domains.
4. Proof of Theorem 1.1
Let us first recall some facts from the theory of Hardy spaces. We refer readers to the books
by Stein [28] and Krantz [25] for details.
Let Ω Ă Cn be a bounded domain with C2 boundary. The Hardy space h2 pΩq is defined by
h2 pΩq :“
$&
%f harmonic on Ω :
ż
BΩ
|f pzq|2 dσ pzq :“ lim sup
εÑ0`
ż
δ“ε
|f pzq|2 dσ pzq ă 8
,.
- .
There always exists a positive constant ε0 depending on Ω such that the following norms are
equivalent ¨
˝ż
BΩ
|f pzq|2 dσ pzq
˛
‚
1
2
and
¨
˝ sup
0ăεăε0
ż
δ“ε
|f pzq|2 dσ pzq
˛
‚
1
2
,
for f P h2 pΩq. Moreover, there is a constant C depending on Ω such that
(4.1)
ż
Ω
|f pzq|2 dV pzq ď C
ż
BΩ
|f pzq|2 dσ pzq ,
for any f P h2 pΩq. That is, the L2-norm is dominated by the Hardy space norm for functions in
h2 pΩq. Finally, we will need the following result, see [15, Lemma 2.2].
Lemma 4.1. Let Ω Ă Cn be a bounded domain with C2 boundary. For any harmonic function
u on Ω,
(4.2) lim sup
εÑ0`
ż
δ“ε
|u pzq|2 dσ pzq “ lim sup
rÑ1´
p1´ rq
ż
Ω
|u pzq|2 δ´r pzqdV pzq .
We are ready to proceed Theorem 1.1.
Proof of Theorem 1.1. Let ε0 and c1 be positive constants such that
sup
0ăεăε0
ż
δ“ε
|f pzq|2 dσ pzq ď c1
ż
BΩ
|f pzq|2 dσ pzq ,@f P h2 pΩq .
We first assume that c0δ pwq ă ε0, with c0 :“ pe` 1q{ pe´ 1q. By applying (3.4) in Proposition
3.2, ż
tGp¨,wqă´1u
|K pz, wq|2 dV pzq ď
ż
tδp¨qďc0δpwqu
|K pz, wq|2 dV pzq
ď
c0δpwqż
0
¨
˝ ż
δ“ε
|K pz, wq|2 dσ pzq
˛
‚dε(4.3)
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ď c0c1δ pwq
ż
BΩ
|K pz, wq|2 dσ pzq .
By using (3.1) in Proposition 3.1,
(4.4)
ż
tGp¨,wqă´1u
|K pz, wq|2 dV pzq ě e´2nK pw,wq .
Combining (4.3) with (4.4), we conclude that
}K p¨, wq}L2pBΩq ě C1
d
K pw,wq
δ pwq ,
for a positive constant C1 depending on Ω.
For the case c0δ pwq ě ε0, using (4.1) we haveż
BΩ
|K pz, wq|2 dσ pzq ě C
ż
Ω
|K pz, wq|2 dV pzq
“ CK pw,wq
ě Cε0
c0
K pw,wq
δ pwq .
Therefore we have proved the left-hand side of (1.1).
We now turn to the proof of the right-hand side. Since Ω is convex, the function ´δ is convex
on Ω, and is thus also plurisubharmonic on Ω, see e.g. [2]. By applying Proposition 2.1 with
ψ pzq :“ ´r log pδ pzqq, we have
(4.5) p1´ rq
ż
Ω
|P pfq pzq|2 δ´r pzq dV pzq ď
ż
Ω
|f pzq|2 δ´r pzqdV pzq ,
for any 0 ă r ă 1 and any measurable function f . Inserting
f pzq :“ χtGp¨,wqă´tu pzqKtGp¨,wqă´tu pz, wq
into (4.5), we obtain
(4.6) p1´ rq
ż
Ω
|K pz, wq|2 δ´r pzqdV pzq ď
ż
tGp¨,wqă´tu
ˇˇ
KtGp¨,wqă´tu pz, wq
ˇˇ2
δ´r pzq dV pzq ,
for any t ą 0. By Lemma 4.1, Proposition 3.1 and Proposition 3.2, it continuesż
BΩ
|K pz, wq|2 dσ pzq “ lim sup
rÑ1´
p1´ rq
ż
Ω
|K pz, wq|2 δ´r pzqdV pzq
ď
ż
tGp¨,wqă´tu
ˇˇ
KtGp¨,wqă´tu pz, wq
ˇˇ2
δ´1 pzqdV pzq
ď e
t ` 1
et ´ 1δ
´1 pwq
ż
tGp¨,wqă´tu
ˇˇ
KtGp¨,wqă´tu pz, wq
ˇˇ2
dV pzq
“ e
t ` 1
et ´ 1δ
´1 pwqKtGp¨,wqă´tu pw,wq
ď e
t ` 1
et ´ 1e
2ntK pw,wq
δ pwq .
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The desired inequality then follows by noting that
inf
 `
et ` 1˘ e2ntL `et ´ 1˘ : t ą 0( ă 4en` 1.

Remark 4.2. Since the constant C2 “
?
4en` 1 depends only on the dimension n, it suggests
for example a study of the sharp estimates in Theorem 1.1.
Remark 4.3. The method used in the proof of Theorem 1.1 can be extended to domains having
a plurisubharmonic defining function, such as strongly pseudoconvex domains and Kohn special
domains defined by
ΩF :“
!
z P Cn : |f1 pzq|2 ` . . .` |fm pzq|2 ă 1
)
,
where F “ pf1, . . . , fmq : Cn Ñ Cm is a holomorphic map, see [12]. It is known that for strongly
pseudoconvex domains and Kohn special domains, δ pzq « δ pwq for z P tG p¨, wq ă ´1u, see
[17, 12, 15]. As a result, the estimate }K p¨, wq}L2pBΩq ≈ pK pw,wq{ δ pwqq1{2 holds true for these
domains. For a general domain admitting a plurisubharmonic defining function, we may use the
estimates in (3.3), which involve the logarithmic terms. To be precise, let us state these as the
following corollary.
Corollary 4.4. Let Ω be a bounded domain with C2 boundary.
(1) If Ω is either a strongly pseudoconvex domain or a Kohn special domain then there exist
positive constants C1 and C2 such that for any w P Ω,
C1
d
K pw,wq
δ pwq ď }K p¨, wq}L2pBΩq ď C2
d
K pw,wq
δ pwq .
(2) If Ω is a pseudoconvex domain having a plurisubharmonic defining function then there
exist positive constants C1 and C2 such that for any w P Ω,
C1
d
K pw,wq
δ pwq |log δ pwq|n ď }K p¨, wq}L2pBΩq ď C2
d
K pw,wq |log δ pwq|
δ pwq .
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